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On reflection positive formulation of chiral gauge theories on a lattice 

Sergei V. Zenkin^ 
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117312 Moscow, Russia 

A formulation of chiral gauge theories on a lattice which is both reflection positive and gauge invariant is 
discussed. 
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1. INTRODUCTION 

In constructing continuum quantum gauge the- 
ories from the lattice ones the properties of reflec- 
tion positivity and gauge invariance of the latter 
play a fundamental role (see, e.g., ||] and refer- 
ences therein). Reflection positivity allows one to 
construct the Hilbert space of states with pos- 
itive definite metric and ensures the canonical 
quantum mechanical interpretation of the theo- 
ries. This guarantees their unitarity, that is par- 
ticularly important for gauge theories. Gauge in- 
variance controls a space of relevant parameters 
of the theory and facilitates an efficient tuning to 
the continuum limit. 

Vector lattice gauge theories in the Wilson 
formulation are naturally reflection positive and 
gauge invariant, while for chiral ones it is a long 
standing problem to satisfy these properties. The 
only exception is mirror fermion model l^]. It, 
however, is actually chiral only provided the chi- 
ral symmetry is spontaneously broken. Here we 
consider another formulation of chiral gauge the- 
ories on a lattice which is both reflection positive 
and gauge invariant M. 



2. CONVENTIONS 

We consider a hypercubic D-dimensional (D 
is even) lattice A with sites numbered hy n — 
(no,...,nD-i), -N/2 + 1 < n^, < N/2, N is 
even, with a lattice spacing a; (jl is the unit vec- 
tor along a lattice link in the positive /i-direction. 
We shall define a theory on a torus Tr, which is 
obtained by addition of links connecting each pair 
of sites with n^ — N/2 and n^ = —N/2 + 1. 



Let the gauge group G be unitary. Dynami- 
cal variables of the theory are the fermion 2^/^- 
component (Grassmannian) fields ipn, V'n) defined 
on lattice sites, and gauge variables Un,n+p, G 
G, Un,n-fi. — U^-nny defined on lattice hnks. 
Conventionally Un^n+fi = exp[i 50^^(71 -\- /i/2)], 
where ^ is a gauge field which belongs to the 
gauge group algebra and g is gauge coupling. 
We shall use the representation for U introduced 
in ref. 0] in terms of "half gauge" variables 
W{n.±ji) € G associated with each pair (n, ±/i): 



C/n,«+A = W^(n,A) W^(l^ 



For W there is no representation in terms of a lo- 
cal field which transforms as an irreducible repre- 
sentation of the group of rotation of the Euclidean 
space. However to allow for a perturbative con- 
sideration we introduce variables 2±/i(n.), so that 
W^(«,±/i) = exp[igaz±^(n)]. 

For a simplicity we consider right-handed 
fermions being singlets under the gauge group, so 
the gauge transformations are defined as follows: 

V'n -^ {hnPh + PR)lpn, 
^n ^ ^,MPr + Pl), 



W^(«,±/i) -^ h. 



(2) 

W^(n,±A), (3) 

where /i„ £ G, Pl,r = (1 ± 7_d+i)/2 are chiral 
projecting operators. For general case of non- 
singlet PrV see 1^. 

A theory with an action A[-(/',-0, PF] is defined 
by the functional integrals 



•0[V',i/',W^] e 



n G A n G A , /J- 

-A 



(4) 



where Z is the partition function of the theory, 
(iVF(„ j-^-j) is the Haar measure, and O is some 
functionals of the dynamical variables. 

Let A± denote the equal parts of the lattice 
with no > and no < 0, respectively, and let 
r be such a reflection, that rA± = A^. So, the 
reflection does not change n^ and \i for fi ^ 0, 
while rno = —no + 1, rO = —0. 

Given reflection r, an antilinear operator 9 is 
defined as 



= V™7o---W'J(„^^^)r^7o?/'™, (5) 

where F is a matrix. 

A theory is called reflection positive if for each 
functional O of the form F9[F], where F = 
F[ijj,tl;,W] is defined on A+, the integral (4) is 
non-negative. The sufficient condition for a the- 
ory with an action A to be reflection positive 
is existence of such functionals B[V', ■0, W] and 
Ci[i{),tp,W] defined on A+ that A can be repre- 
sented in the form Hi 



A = B + e[B] + Y,c^e[a]. 



(6) 



3. CONSTRUCTING THE THEORY 



We proceed from the Wilson action for free 
massless fermions: 



I 



It^^ii^n+f, -i^n-f,) 



— {lpn+fi + V'n-A - 2l/'n) 



(7) 



where tp{...,N/2+i....) = -V'(...,-w/2+i,...), 
ip{...,-N/2,...) — — V'(...,Af/2,...)- This is the simplest 
form of the lattice fermion action which is de- 
termined by the finite dimension approximation 
of functional integrals for canonical Hamiltonian 
(Grassmannian) dynamics and satisfies condition 
(6) of reflection positivity ^ . 

Action (8) is not invariant under the global 
transformation of the form (2). Therefore, we 
seek the gauge action in the form 



A 



a^ E ^r^ 

n^A.fi 



It^Y ( (PLUn,n+fi + Pr)iIj„+P. 



-{PLUn.n-[,+PR)ll^n- 



— ( (PLX,t,«+/i + PR^n,n+fi)i^n+fL 



1 

2a 
-{PlX _r^ + PrX, 



-2{PlY, 



{71, p,) 



n.n--fi 



PRY(li.))^^ 



)V'«- 



(8) 



where X and Y are some functions of W. 

Let us require action (8) to be invariant under 
rotations of the lattice by tt/2, and to satisfy the 
following conditions: (i) condition (6) of reflec- 
tion positivity; (ii) gauge invariance; (iii) in the 
ungauged limit W = 1 it takes the form of eq. 
(7). Then, from (i) we find 



X„ 



,r. = W, 



n.n+fi 



(n+/i,-/i)' 



(9) 



while from (ii), (iii) one has 



Y, 



{n,il) 



^(<A) 



Y, 



W, 



(n.-i^l 



(n,A) 



-,iW(r^ 



Wi 



■o)- 



(10) 



So these requirements determine the action 
uniquely. 

One can rewrite the action and the measure in 
the functional integrals in terms of C/n,n±/i and, 
say, Win,[i)- Then our theory is determined by 
functional integrals of the form 






(11) 



where A 



gauge 



is a reflection positive action for 
gauge variables and O is a gauge invariant func- 
tional of the dynamical variables. 

4. DISCUSSION 

Owing to reflection positivity this theory is uni- 
tary, but, in general, this holds for full Hilbert 
space including all gauge variables: either Wn,fL 
and W(ri,-(i)i or t/„,„+^ and W^(„,/i). An argument 
for that the theory may not be unitary in the sub- 
space of the conventional variables V', V'j U is that 



explicit integrating over W(n,fi) in (H) for oper- 
ators O independent of such variables leads to 
a theory whose action does not satisfy condition 
(6) of reflection positivity. Therefore we must re- 
quire that unpaired variables W decouple. The 
price to be paid for this is the main question to 
this approach. 

If ^gottge in (H) is thc Wilson plaquette action, 
formal limit of the full action at a — > coincides 
with the action of the continuum chiral gauge the- 
ory with dynamical variables ip, ^, and A (target 
theory [§): 



A 



d''x[^F^,Ff,,+ijjf,{Df,PL+d^PR)^p],{12) 



where D^ is covariant derivative. However decou- 
pling W at the classical level does not guarantee 
their decoupling in the quantum theory. This is 
true, however, of right-handed fermions, because 
action (8) has the shift symmetry tpn -^ fpn+Pn^, 
ijj^ -^ iP^+IPl, that guarantees their decoupling 
in the continuum limit M . 

To get some idea of what happens to unpaired 
W we consider in this formulation the chiral 
Schwinger model Q, whose perturbative solu- 
tion (at least in thc topologically trivial sector) 
is known to be exact. 

4.1. Two-dimensional example 

Let us consider the continuum limit of thc ef- 
fective action 

W[U,W] = -In f lld<jJnd^„ 

■^ neA 

_^-A[i;,i^,U,W]^ (^3) 

Then, for sufficiently smooth A and z, we find 



"''^'"^^/(S^S 



^m(~9) i^t^i^'f -q^iQi^ 



+Tl^;^iq)]A,iq)+A,i-q)Il^,^A^{q) 
+A^{-q) n^i Zo{q) + Zf,{-q) H^^ A,{q) 



+lA^i-q) K±^{q) A^iq) 



(14) 



combination A^{q) + 2isin(i(7^a) Zjx{q), 
n^^fo) - ^(5 - Mill 



9lL 



^nu (<?) = -r^{<^t,aqaq,y + qt^e^aQa), (15) 



and H^^ , nfjj — I^^ , and H^^ are some symmet- 
rical matrices independent of q. From the Ward 
identities and the lattice rotation symmetry we 
have 



En^'^ = En.^ = o, 



(16) 



and 



IIoo — IIii, n^^ 



-n- , lii^ = -2nr , (17) 



respectively. Numerically the elements of these 
matrices depend on infrared regularization used 
and do not make much sense; we started with 
the finite lattice which ensures such a regular- 
ization, then n^/ = 1.959(7)5V(27r), li^^ = 
-0.361(6)gV(27r). 

The lessons from this example are following: 
The formulation ensures decoupling the dou- 
bler fermion modes in the external gauge fields. 
Gauge invariance of the effective action in the 
case of anomaly fermion contents is provided 
by producing a Wess-Zumino term. It involves 
variable z instead of scalar one and reads as 
(*/2) /, E^,. {A, rAA i^ _ A, K^,A A^y vari- 
able z does not decouple in quantum theory ren- 
dering it non-invariant under continuum rota- 
tions. Therefore additional efforts are necessary 
for decoupling this variable. 

4.2. Outlooks 

Let us note that in terms of Wn,[i and M^(n,-/i) 
the principal difference between vector and chi- 
ral gauge theories is that in the vector theories 
variables W are always paired forming link vari- 
ables U , while in chiral ones they are splitted by 
the Wilson term. This means that vector gauge 
theories have additional symmetry as compared 
to chiral ones. This symmetry can be defined as 
invariance of the theory under transformations: 



Here A^ (q) is a — > limit of the gauge invariant 



^{n,±p.) — > ^(n,±A) 9n±p./2, 



(18) 



where gn±fi/2 G G, other variables being non- 
transformed. Therefore to ensure decoupUng of 
unpaired W we can require symmetry (18) to hold 
in the continuum limit. 

Obviously this can be achieved by adding to 
the original action a set of gauge invariant coun- 
terterms, so that the theory remains gauge in- 
variant under gauge transformations (2), (3) at 
any a, but becomes invariant under both transfor- 
mations (2), (3) and (18) only in the continuum 
limit. As our two-dimensional example shows the 
number and explicit structure of such countert- 
erms may crucially depend on whether the the- 
ory is anomaly one or not. Indeed, in the case of 
anomaly free fermion contents, i.e. when coun- 
terpart of K^'^ in (14) vanishes, symmetry (18) 
is restored in the continuum limit by local coun- 
terterms of the form 



E 






(19) 



where 771,2 = ±. Note that these counterterms 
are reflection positive. Owing to relations (16), 

(17) tuning only two parameters is needed. Then 
in the continuum limit we come to the Euclidean 
and gauge invariant in the conventional sense the- 
ory (Jackiw's parameter |p| being a = 1). But to 
render the anomaly theory to be invariant under 

(18) a non-local counterterm is needed, as it fol- 
lows from (14), (15). 

Similar picture is also expected to hold in four 
dimensions with the gauge fields being dynami- 
cal. A likely scenario is that in anomaly free case 
the theory is determined by tuning a few relevant 
parameters corresponding to gauge invariant lo- 
cal counterterms, while for an anomaly theory an 
infinite set of counterterms, including non-local 
ones, is required. An argument in favour this 
is that the original action involves no couplings, 
except the gauge ones and in the terms of vari- 
ables -07 '4'^ ^Ai7 and z_^ the theory is renormaliz- 
able by power counting. Therefore at small non- 
renormalized coupling the well-known perturba- 
tive results should be reproduced. Then for non- 
abelian gauge group the values of those relevant 
parameters could be determined perturbatively 
due to asymptotical freedom. Certainly, if a chiral 
gauge theories do exist beyond the perturbation 



theory and are unique we shall come in the contin- 
uum limit to the result of Rome approach @ , f^ , 
but with gauge fixing in principle being unnec- 
essary and with less number of counterterms. In 
other words reflection positivity and gauge invari- 
ance hopefully allows one to project in the con- 
tinuum limit enlarged Hilbert space (where the 
theory is unitary at any a) to the physical one 
by gauge invariant way not violating the unitar- 
ity. This crucially differs this formulation from 
models with the Wilson- Yukawa couplings [|| . 

Of course, there is a lot of work to do for estab- 
lishing actual status of this formulation, first of 
all, perturbative calculations in four dimensions 
should be done. 
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